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Abstract. In [1], Bacˇa et al. introduced the notion of a total edge and vertex
irregular labelling. For a graph G, the weight of an edge xy, denoted by wt(xy),
under a total labelling λ : V (G) ∪ E(G) → {1, 2, · · · , k} is the number labels of xy
and both of end vertices of xy. The wight of a vertex x, denoted by wt(x), is the
number of labels x and all edges incident with x.
The total labelling λ is called an edge(vertex) irregular total k-labelling of a
graph G if every two distinct edges e and f (vertices x and y) in G satisfies
wt(e) 6= wt(f) (wt(x) 6= wt(y)). The total edge(vertex) irregularity strength of G
is the minimum positive integer k for which G has a total edge(vertex) irregular
k-labelling.
There are not many graphs of which their total edge(vertex) irregularity
strengths are known. In this paper, we investigate the total edge(vertex)
irregularity strength of an amalgamation of cycle graphs.
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Abstrak. Dalam [1], Bacˇa dkk. memperkenalkan gagasan tentang pelabelan tidak
teratur sisi dan titik. Untuk suatu graf G, bobot suatu sisi xy, dinotasikan dengan
wt(xy), dibawah suatu pelabelan total λ : V (G) ∪ E(G) → {1, 2, · · · , k} adalah
jumlah label sisi dan label kedua titik ujungnya. Bobot titik x, dinotasikan dengan
wt(x), adalah jumlah label x dan label semua sisi yang terkait dengan x.
Pelabelan total λ disebut pelabelan-k total tidak teratur sisi(titik) dari su-
atu graf G jika setiap dua sisi e dan f yang berbeda (titik x dan y) dalam G
memenuhi wt(e) 6= wt(f) (wt(x) 6= wt(y)). Nilai total ketidakteraturan sisi(titik)
dari G adalah bilangan bulat positif terkecil k sedemikian sehingga G mempunyai
suatu pelabelan-k total tidak teratur sisi(titik).
Belum banyak graf yang nilai total ketidakteraturan sisi(titik) yang dike-
tahui. Pada paper ini, kami meneliti nilai total ketidakteraturan sisi(titik)
amalgamasi dari graf lingkaran.
Kata kunci: amalgamasi graf, pelabelan tidak teratur dari graf, nilai total ketidak-
teraturan sisi(titik).
1. Introduction
Irregular labeling was first introduced by Chartrand et al. in 1986. Formally,
is defined as follows. Let G = (V,E) be a graph. A function λ : E → 1, 2, · · · , k
is called irregular k-labeling of G if every two different vertices in V have different
weights, namely for every vertices x and u are different in V satisfy∑
y
λ(xy) 6=
∑
v
λ(uv).
Irregular strength of G, denoted by s(G), is the smallest positive integer k
such that G has a irregular k-labeling [2]. Furthermore, Bacˇa et al. introduce other
types of irregular labeling with labeling based on the total. For a graph G = (V,E),
the function ϕ : V ∪ E → {1, 2, · · · , k} is called edge irregular total k-labeling in a
graph G if the weight of each edges different, ie, ϕ(x) + ϕ(xy) + ϕ(y) is different
for each edges of the xy ∈ E. The total edge irregularity strength of G, denoted by
tes(G), is the smallest positive integer k such that G has an edge irregular total
k-labeling [1].
In addition, Bacˇa et al. also identifies the irregular total labeling as follows. For a
graph G = (V,E), the function ϕ : V ∪ E → {1, 2, · · · , k} is called vertex irregular
total k-labeling of G if every vertices different weights ie, ϕ(x) +
∑
y
ϕ(xy) different
for each vertex x ∈ V . The total vertex irregularity strength of G, denoted by
tvs(G), is the smallest positive integer k such that G has a vertex irregular total
k-labeling [1].
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2. Main Results
In [1] Bacˇa et al. have been determined the total edge irregularity strength
and the total vertex irregularity strength of cycle. However, the total edge ir-
regularity strength and the total vertex irregularity strength of amalgamation of
cycles have not been determined. Amalgamation of a graph is defined as follows.
Suppose Gi is a graph with a fixed vertex v0i for i = {1, 2, 3, · · · , k}. Amalgama-
tion (Gi, v0i) is a graph formed by taking all graph Gi where v0i = v0j for every
i, j ∈ {1, 2, 3, · · · , k}. Amalgamation of k cycles Cn that isomorphs denoted by Ckn.
In this paper we determine the total edge and vertex irregularity strength of C2n.
Theorem 2.1. For n ≥ 3, tvs(C2n) =
⌈
2n
3
⌉
.
Proof. Since C2n containing 2(n − 1) vertices of degree two, the largest weight
probably of 2(n − 1)th not less than 2n. Since the weight of all vertices is the
number of three positive integer, the largest label in use not less than d 2n3 e. So
that, tvs(C2n) ≥ d 2n3 e. Next, we shall show that tvs(C2n) ≤ d 2n3 e. In order to
do that, define a graph C2n with the vertex set V (C
2
n) and the edge set E(C
2
n) as
follows:
V (C2n) = {xi,j |i = 1, 2 and j = 1, 2, · · · , n− 1} ∪ {xn},
E(C2n) = {xi,jxi,j+1|i = 1, 2 and j = 1, 2, · · · , n− 1} ∪ {xixn, xi,n−1xn|i = 1, 2}.
Define t = d 2n3 e. Next, label the vertices and edges of C2n in the following
way:
λ(x1,j) = 1 for 1 ≤ j ≤ n− 1,
λ(x2,j) =
{
1; for 1 ≤ j ≤ n− t− 1
t+ j + 1− n; for n− t ≤ j ≤ n− 1,
λ(xn) = t,
λ(xnx1,1) = 1,
λ(x1,jx1,j+1) = dj + 12 e for 1 ≤ j ≤ n− 2,
λ(x1,n−1xn) = dn2 e,
λ(x2,jx2,j+1) = dn+ j2 e for 1 ≤ j ≤ n− t− 1,
and for n− t ≤ j ≤ n− 2, the labelling λ divided in four cases as follows.
Case 1. For n = 3 + 3k, k = 0, 1, 2, ..., define
λ(x2,jx2,j+1) = t.
Case 2. For n = 4 + 3k, k = 0, 1, 2, ..., and a is event non negative integer, define
λ(x2,jx2,j+1) = t for n− t+ a ≤ j ≤ n− 2.
Case 3. For n = 4 + 3k, k = 0, 1, 2, ..., and a is odd non negative integer, define
λ(x2,jx2,j+1) = t− 1 for n− t+ a ≤ j ≤ n− 2.
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Case 4. For n = 5 + 3k, k = 0, 1, 2, ..., define
λ(x2,jx2,j+1) = t− 1.
For edges xnx2,1 and x2,n−1xn, labelling λ define as follows.
λ(xnx2,1) = dn2 e and λ(x2,n−1xn) = t.
By the definition of the total labelling λ above, we conclude that:
(1) wt(x1,1) < wt(x1,2)
(2) wt(x1,j) < wt(x1,j+1) for 2 ≤ j ≤ n− 3
(3) wt(x1,n−2) < wt(x1,n−1)
(4) wt(x1,n−1) < wt(x2,1)
(5) wt(x2,1) < wt(x2,2)
(6) wt(x2,j) < wt(x2,j+1) for 2 ≤ j ≤ n− t− 2
(7) wt(x2,n−t−1) < wt(x2,n−t)
(8) wt(x2,n−t−1) < wt(x2,n−t+1)
(9) wt(x2,j) < wt(x2,j+1) for n− t+ 1 ≤ j ≤ n− 3
(10) wt(x2,n−2) < wt(x2,n−1)
(11) wt(x2,n−1) < wt(xn).
Therefore, the weights of all vertices of G are distinct and the maximum number
used to label C2n is t. Therefore, tvs(C
2
n) ≤
⌈
2n
3
⌉
. 
Theorem 2.2. For n ≥ 3, tes(C2n) =
⌈
2n+2
3
⌉
.
Proof. Since C2n containing 2n edges, by using Theorem A. we found that
tes(C2n) ≥ d 2n+33 e. Next, we shall show that tes(C2n) ≤ d 2n+23 e. In order to do
that, define a graph C2n with the vertex set V (C
2
n) and the edge set E(C
2
n) as
follows:
V (C2n) = {xi,j |i = 1, 2 and j = 1, 2, · · · , n− 1} ∪ {xn},
E(C2n) = {xi,jxi,j+1|i = 1, 2 and j = 1, 2, · · · , n− 2} ∪ {xnxi,1, xi,n−1xn|i = 1, 2}.
Define t = d 2n+23 e. Next, label the vertices and edges of C2n in the following
way:
λ(x1,j) = d j2e for 1 ≤ j ≤ n− 1,
λ(x2,j) = λ(x2,n−j) = dn− 12 e+ j for 1 ≤ j ≤ t− d
n− 1
2
e,
λ(x2,j) = t for t+ 1− dn− 12 e ≤ j ≤ n− t+ d
n− 1
2
e+ 1,
λ(xn) = 2,
λ(xnx1,1) = λ(x1,1x1,2) = 1,
λ(x1,jx1,j+1) = 3 + j − d j2e − d
j + 1
2
e for 2 ≤ j ≤ n− 2,
λ(x1,n−1xn) = λ(xnx2,1) = n− dn− 22 e,
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λ(xnx2,n−1) = n+ 1− dn− 22 e,
λ(x2,jx2,j+1) =
 n+ 2 + 2j − 2d
n−1
2 e for 1 ≤ j ≤ t− dn−12 e − 1
n+ 3 + j − dn−12 e − t for j = t− dn−12 e
n+ j − 2dn−12 e for t− dn−12 e+ 1 ≤ j ≤ n− t+ dn−12 e − 1,
λ(x2,n−jx2,n−j−1) = n+ 3 + 2j − 2dn− 12 e − 2j for 1 ≤ j ≤ t− d
n− 1
2
e − 1.
By the definition of the total labelling λ above, we conclude that:
(1) wt(x1,1x1,2) < wt(xnx1,1)
(2) wt(xnx1,1) < wt(x1,2x1,3)
(3) wt(x1,jx1,j+1) < wt(x1,j+1x1,j+2) for 2 ≤ j ≤ n− 2
(4) wt(x1,n−2x1,n−1) < wt(x1,n−1xn)
(5) wt(x1,n−1xn) < wt(xnx2,1)
(6) wt(xnx2,1) < wt(xnx2,n−1)
(7) wt(xnx2,n−1) < wt(x2,1x2,2)
(8) wt(x2,jx2,j+1) < wt(x2,j+1x2,j+2) for 1 ≤ j ≤ t− dn−12 e − 2
(9) wt(x2,n−jx2,n−j−1) < wt(x2,n−j−1x2,n−j−2) for 1 ≤ j ≤ t− dn−12 − 2
(10) wt(x2,jx2,j+1) < wt(x2,n−jx2,n−j−1) for 1 ≤ j ≤ t− dn−12 − 1
(11) wt(x2,n−jx2,n−j−1) < wt(x2,j+1x2,j+2) for 1 ≤ j ≤ t− dn−12 − 1.
Therefore, the weights of all edges of G are distinct and the maximum number used
to label C2n is t. Therefore, tvs(C
2
n) ≤
⌈
2n+2
3
⌉
. 
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